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Abstract. In this article, we thoroughly investigate the stability inequality 
for Ricci-flat cones. Perhaps most importantly, we prove that the Ricci-flat 
cone over CP^ is stable, showing that the first stable non-flat Ricci-flat cone 
occurs in the smallest possible dimension. On the other hand, we prove that 
many other examples of Ricci-flat cones over 4- manifolds are unstable, and that 
Ricci-flat cones over products of Einstein manifolds and over Kahler-Einstein 
manifolds with h^'^ > 1 are unstable in dimension less than 10. As results of 
independent interest, our computations indicate that the Page metric and the 
Chen-LeBrun- Weber metric are unstable Ricci shrinkers. As a flnal bonus, we 
give plenty of motivations, and partly conflrm a conjecture of Tom Ilmanen 
relating the A-functional, the positive mass theorem and the nonuniqueness of 
Ricci flow with conical initial data. 



The purpose of this article is to thoroughly investigate the stability of Ricci-flat 
cones. To start with, we call a Ricci-flat manifold or cone stable, if 



for all transverse symmetric 2-tensors h with compact support. In this definition, 
Rm(/i, h) = Rijkihikhji and transverse means V ihij — 0. 

Historical motivations for this notion of stability come from considering the lin- 
earization of the Ricci curvature and from computing the second variation of the 
Einstein-Hilbert functional restricted to transverse-traceless tensors [4]. A more 
modern motivation comes from the second variation of Perelman's A-functional 
[40] . In the case of closed manifolds this second variation is computed in [8]. In 
the case of non-compact spaces one can use a suitable variant of Perelman's energy 
functional as explained in |29| . 

Stability plays an important role in gravitational physics, see e.g. [24], and also 
is of great numerical relevance. Complementing that, our main motivations for 
the problem under consideration come from questions concerning the regularity of 
Ricci-flat spaces, from questions about generic Ricci flow singularities, and from a 
conjecture of Tom Ilmanen relating the A-functional, the positive mass theorem and 
the nonuniqueness of Ricci flow with conical initial data. They are all inspired by 
analogies and disanalogies between minimal surfaces (respectively the mean curva- 
ture flow) and Ricci-flat spaces (respectively the Ricci flow), and will be described 
now. 



1. Introduction 




(1.1) 



1.1. Motivation I: Regularity of Ricci-flat spaces. To start with the men- 
tioned analogy, the stabihty inequality for minimal hypersurfaces, 



has a long and successful history. In particular, it plays a prominent role in the 
work of Schoen-Yau on the structure of manifolds with positive scalar curvature 
and in their proof of the positive mass theorem [42l |43| . By Almgren's big regu- 
larity theorem the singular set of a general area-minimizing rectifiable current has 
codimension at least 2 [3]. In the case of stable minimal hypersurfaces there is a 
much better (and in fact much easier to prove) conclusion: the singular set has 
codimension at least 7 |47j . The number 7 ultimately comes from the Simons cones 
[48) . cones with vanishing mean curvature over a product of spheres. In analogy 
with the Simons cones, as computed some time ago by Tom Ilmanen ^33 (see also 
[23]), Ricci-flat cones over a product of spheres are unstable in dimension less than 



In the general case of Ricci curvature, there is a deep regularity theory developed 
by Cheeger, Colding and Tian, see [TU] for a very nice survey (see also the recent 
work of Cheeger-Naber ^11, for very interesting quantitative results). In particular 
(focusing on the Ricci-flat case here), they proved that the singular set of non- 
collapsed Gromov-Hausdorff limits of Ricci-flat manifolds with special holonomy 
has codimension at least 4 (it is conjectured that this also holds without the special 
holonomy assumption). Given this general regularity theory, it is an intriguing 
question whether or not an improved regularity occurs in the case of stable Ricci- 
flat spaces. 

1.2. Motivation II: Generic Ricci flow singularities. Recently, Colding and 
Minicozzi proposed a generic mean curvature flow in dimension two |13j . The 
idea, going back to Huisken, is that very complicated singularities can form in 
two-dimensional mean curvature flow, but all except the cylinders and spheres are 
unstable and can be perturbed away. Singularities are modeled on shrinkers, and 
recently Kapouleas-Kleene-M0ller [33] constructed examples of shrinkers with ar- 
bitrarily high genus. 

Two-dimensional mean curvature flow shares many similarities with four-dimensional 
Ricci flow. One reason for this is that the integrals JjApd/iand JjRmpdy are scale 
invariant in dimension 2 and 4, respectively. These integrals show up naturally in 
the compactness theorems for shrinkers in 14 and [31 and can be estimated using 
the Gauss-Bonnet formula in the respective dimension. As hinted at in 8 , there 
is hope that actually all but very few singularity models for four-dimensional Ricci 
flow are unstable (the known stable examples are S'^,S^ x R, S"^ x M-^, CP^ and their 
quotients, and presumably the blow-down shrinker of Feldnian-Ilmanen-Knopf [20J 
is also stable). This might lead to a theory of generic Ricci flow in dimension four. 

1.3. Motivation III: Ilmanen's conjecture. In July 2008, Tom Ilmanen con- 
jectured an intriguing relationship for ALE-spaces and Ricci-flat cones between: 

(1) lambda not a local maximum 

(2) failure of positive mass 

(3) nonuniqueness of Ricci flow 




(1.2) 
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He also told us that part of the problem is to find an appropriate definition of 
Perelman's A-functional in the noncompact case. We will explain all this later. 
For the moment, let us just mention that the positive mass theorem [331 [52 does 
not generalize to ALE-spaces |35j, that Ricci flows coming out of cones have been 
constructed in [20l [211 [S] ; and that nonuniqueness caused by unstable cones has 
been observed for various other geometric heat flows [32l [22] . 

1.4. Heuristics about proving instability. To prove instability of a Ricci-flat 
cone, we have to find an almost parallel test variation h (in the sense that the 
right hand side of (jl.ip is small), such that the left hand side is large. To discuss 
the left hand side, let us diagonalize h = diag(Ai, . . . , An) in an orthonormal basis 
ei, . . . , en and introduce the following curvature condition: The sectional curvature 
matrix K is the matrix with the entries (no sum!) 

Kij = Rm(ei, Cj, ei, Cj). (1.3) 

Observe that, Rm(ft,, h) = K\, so to make the left hand side large, we have to find 
a large eigenvalue of the sectional curvature matrix. Note that K is a symmetric 
matrix with vanishing diagonal. Thus, unless K = 0, there exists at least one 
positive eigenvalue. Taking into account the interaction with the Hardy-inequality, 
we thus expect that many Ricci-fiat cones in small dimensions are unstable. 

1.5. The results. Obviously, fiat implies stable. Next, in analogy with the Simons 
cones, we consider llmanen's example of Ricci-flat cones over products of spheres 
or more generally Ricci-flat cones over products of Einstein manifolds: 

Theorem 1.1. A Ricci-flat cone over a product of Einstein manifolds is unstable 
in dimension less than 10. 

We also prove: 

Theorem 1.2. A Ricci-flat cone over a Kdhler- Einstein manifold with Hodge num- 
ber h^'^ > 1 is unstable in dimension less than 10. 

Given Theorem 11.11 and Theorem 11.21 one might guess for a moment that the 
singular set of stable Ricci-fiat spaces has codimension at least 10. However, we 
manage to show that this naive guess is very wrong. In fact, we prove that the first 
stable non-fiat Ricci-flat cone occurs in the smallest possible dimension (note that 
every at most 4-dimensional Ricci-flat cone is flat, since every at most 3-dimensional 
Einstein metric is automatically a space- form): 

Theorem 1.3. The Ricci-flat cone over CP^ is stable. 

Note that no weak definition of Ricci curvature is available (see however the recent 
week definition of Ricci bounded below due to Lott-Villani and Sturm [38lf49] ). but 
the main point of Theorem ll.Bl is that the analogy with stable minimal hypersurfaces 
breaks down already at the level of cones. To rescue the analogy between minimal 
surfaces and Ricci-flat spaces, one can of course reformulate this last statement, 
and conclude that Ricci-fiat spaces behave more like minimal surfaces of general 
codimension. 

The above theorems answer the question posed in Motivation I. Related to Moti- 
vation II, and also to obtain a more detailed understanding of the problem from 
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Motivation I, we examine the case of Ricci-flat cones over 4-manifolds in greater de- 
tail: Besides the one over CP^ , the other fundamental examples of Ricci-flat cones 
over 4-manifolds are the one over x S^, the ones over (CP^ftpCP^) (3 < p < 8) 
with Tian's Kahler-Einstein metrics [SD], the one over CP^flCP^ with the Page 
metric f39^, and the one over CP'^pCP^ with the Chen-LeBrun- Weber metric |12) . 
We prove: 

Theorem 1.4. The Ricci-flat cones C(5'2 x S"^), C{€P^pCP^) (3 < p < 8) and 
C{CP^CP^), are all unstable. 

For the cone over the Chen-LeBrun- Weber metric we carried out a computation that 
strongly indicates that it is also unstable. However, there is one particular step in 
our computation that relies on a numerical estimate for extremal Kahler metrics 
using the algorithm of Donaldson-Bunch |S1. Therefore, we state the following as a 
conjecture and not as a theorem: 

Conjecture 1.5. The Ricci-flat cone C(CP^jJ2CP2) is unstable. 

As results of independent interest, our computations have applications for Ricci 
shrinkers. A Ricci shrinker is given by a complete Riemannian manifold (Af, g) and 
a smooth function / such that 

Rc + Hess/ = 2^3, (1.4) 

for some r > 0. Solutions of equation ()1.4|) correspond to self-similarly shrinking 
solutions of Hamilton's Ricci flow [27 , and they model the formation of singularities 
in the Ricci flow (see 7 for a recent survey on Ricci solitons). By the formula for 
the second variation of Perelman's shrinker entropy [40l [8j HI [26], the stability 
inequality for shrinkers is 

( 2Rm{h,h)e-f < [ IV/ipe"-^ (1.5) 

JM J M 

for all symmetric 2-tensors h with compact support satisfying div(e^-^ft.) = and 
jj^^ trh e"-^ — 0. In particular, for positive Einstein metrics this is formally the 
same as (jl.ip with the additional requirement that J^^ trh = 0. Our computations 
prove: 

Theorem 1.6. CP^jjCP^ with the Page metric is an unstable Ricci shrinker. 

Numerical evidence for this result was already given by Roberta Young in 1983 
|53j . Modulo the estimate for extremal Kahler metrics mentioned above, we can 
also prove: 

Conjecture 1.7. CP^tt2CP^ with the Chen-LeBrun-Weber metric is an unstable 
Ricci shrinker. 

Theorem ll.6l and Coniecture ll.7l are relevant for developing a theory of generic Ricci 
flow in dimension four (the instability of S'^ x S'^ and CP^jjpCP^ for 3 < p < 8 has 
already been observed in [8]). 

Finally, regarding Motivation HI we prove a theorem which we informally state as 
follows: 
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Theorem 1.8. The implications (1) (2) and (3) =^ (1) in Ilmanen's conjecture 

hold. Regarding (1) (3), for some unstable Ricci-flat cones over four-manifolds 
there do not exist instantaneously smooth Ricci flows coming out of them, but pos- 
sibly there do exist many singular solutions. 

To answer (1) =4> (3) in full generality, one essentially would have to develop a 
theory of weak Ricci flow solutions first. In Theorem ll.Sl we use a suitable noncom- 
pact variant of Perelman's energy functional introduced in [29]. For the detailed 
statement and further explanations we refer to Section [51 

Finally, it would be very interesting to obtain a better picture about the dynamical 
stability and about the dynamical instability of noncompact Ricci-flat spaces under 
the Ricci flow. On the one hand, one could try to do some explicit computations 
for Ricci-flat cones with enough symmetry. On the other hand, one could try to 
generalize the techniques introduced in [45] and [28] to the noncompact setting. 

This article is organized as follows: In Section [5] we collect some basic facts about 
Ricci-flat cones. In Section [3| and Section |3| we prove Theorem 11.11 and Theorem 
11.21 respectively. In Section [5] we carefully investigate the important example of the 
Ricci-flat cone over CP^ and prove Theorem 1 1.31 In Section [Bj we analyse the other 
fundamental examples of Ricci-flat cones over four manifolds, in particular the ones 
over the manifolds with the Page metric and the Chen-LeBrun- Weber metric. The 
first part of the proof of Theorem 11.41 and Theorem 1 1.61 is in that section, while the 
second part of the proof is based on estimates for extremal Kahler metrics which we 
carry out in Section [Tj In the latter two sections, we also give evidence for Conjec- 
ture [TTSj and Conjecture 11.71 Finally, in Section [8| we discuss Ilmanen's conjecture 
and prove Theorem 11.81 

Acknowledgements. We thank Richard Bamler, Pierre Germain, Nadine Grofie, 
Martin Li, Rate Mazzeo, Thomas Murphy, Melanie Rupflin, Richard Schoen, Miles 
Simon, Michael Struwe, and especially Tom Ilmanen and Simon Donaldson for 
useful discussions and interesting comments. The research of RH and MS has been 
partly supported by the Swiss National Science Foundation, SH was supported by 
the EPSRC. RH also thanks the HIM Bonn for hospitality and financial support. 

2. Basic facts about Ricci-flat cones 

Let {M,g) = C(I],7) — (IR.+ x Y^,dr^ H- r^7) be the Riemannian cone over a closed 
(n — l)-dimensional manifold (£,7). We write x'^ = r, and let (x^, be 
coordinates on E. The no n- vanishing Christoffel symbols are: 

r(5)f, = r(7)f, r(5)°,— -r7., r(5)fo = r(g)o^ = i<5f. (2.1) 

Thus, the non- vanishing components of the Riemann-tensor are 

R{g)iiki = r^{R{l)ijki - liklji + liil]k)- (2.2) 

In particular, the cone is Ricci-flat if and only if 

Rc(7) = {n- 2)7, (2.3) 

which we will always assume in the following. The basic facts about cones collected 
here will be used frequently and without further reference in the following parts 
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of the article. Also, we will always assume that all variations are supported away 
from the tip of the cone (however, this assumption could be relaxed by a standard 
approximation argument). 



3. RiCCI-FLAT CONES OVER PRODUCT SPACES 



Suppose (I]i,7i) and (S2,72) are two positive Einstein manifolds of dimension ni 
and 712 respectively. Then the associated cone {M,g) = C(Ei x E2) of dimension 
n = ni +712 + 1 is indeed Ricci-flat if normalize the Einstein metrics to have Einstein 
constant n — 2. We will now prove: 

Theorem 3.1. The Ricci-flat cone C(I]i x E2) ^-s unstable for n < 10. 

Proof. Consider the variation (geometrically, this corresponds to making one factor 
larger and the other factor smaller): 



h = 



Note that 



kj7 



while the other components vanish. Thus h is transverse-traceless (TT), and 



\Vh\' 



III "2 



Furthermore, using the notation (7 j)ijki — liklji — liHjk, we compute 
Rm,(/., /i) = ^(Rm, - 7 7) - ^, ^ - ^) 

^(Rm^, -71 ©71 ) (71,71 ) + ;r^tr^i(7i)trT,2(72) 
+-^{Rm^^ -72 72)(72,72) 



(3.1) 
(3.2) 

(3.3) 
(3.4) 



Ha _|_2 + 

ni 112 



Putting everything together, we obtain 

\Vh\^ - 2Rm(/i, h)=[^ + ^) (r - 2(71 - 2)^ 

and thus 



(3.5) 



C(SixS2) 



\Vh\^ ^2Rm{h,h))dV 



-{^.+^) Vol(Si X E2) - 2(77 - 2){^) r--Ur. (3.6) 

Recah that Cr = 4/(77 - 2)^ is the optimal constant in the Hardy-inequality 



dr<C„ f'r 



dr. 



Thus, the expression in (j3.6p can become negative if and only if 



2(77 - 2)C, 



H 



ri-2 



> 1, 



i.e. if and only if 77 < 10. This proves the theorem. 



(3.7) 

(3.8) 

□ 
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4. RiCCI-FLAT CONES OVER KAHLER-EINSTEIN MANIFOLDS 

Suppose (S, 7) is Kahlcr-Einstcin with Einstein constant n — 2 and, and let (M, g) = 
C{Yj) be the corresponding Ricci-flat cone of real dimension n. 

Theorem 4.1. Ifh^'^{Y.) > 1, then C(E) is unstable for n < 10. 

Proof. The assumptions of the theorem imply that there exists a transverse-traceless 
symmetric 2-tensor fc 7^ on (S, 7) with 

(A + 2Rm^)A: = 2(n - 2)A:. (4.1) 

Consider the variation (this is quite related to the previous section, and geometri- 
cally corresponds to making one (1, l)-cycle larger and another one smaller): 

h = f{r)r^k. (4.2) 

This variation is TT, and we compute 

|V/ip= f/'2 + 2^) |fc|2 + |!|Vfcp (4.3) 



2Rm(/i, h) = 2^ (Rm^(fc, k) + |fc|2) . (4.4) 

Thus 



/ (|V/ip-2Rm(/i,/i))dF 

\k?dV, (/'2-2(n-2)^)r"-icir, (4.5) 



and this expression can become negative if and only if n < 10. □ 

5. The Ricci-flat cone over CP^ 
In this section we prove the following theorem: 

Theorem 5.1. The Ricci-flat cone over CP^ is stable. In particular, five is the 
smallest dimension of a stable Ricci-flat cone that is not flat. 



For the proof of Theorem 15.11 we will use the following inequality: 
Theorem 5.2 (Warner [5T ). On CP'^ with the standard metric we have: 

I trkdV = Q =^ I [iVfcp - 2Rm(fc,A:)] > 0. (5.1) 



„2 I ^2, 



Proof of Theorem \5.1\ Write g — dr -|- r 7 as usual. A general variation h can be 
expanded as follows: 

h = Adr'^ + rBi{dr ® dx" + dx^ ® dr) + r'^djdx^ ® dx\ (5.2) 

We assume that h is transverse, i.e. divg(/i) = 0. With respect to the 7-metric this 
transversality is expressed by the following equations: 

= rdrA + 4:A + dw{B) ~tT{C), (5.3) 

= rdrB + 5B + dw{C). (5.4) 

These relations between A, B and C will be used later. Next, we note that 

Rmg(/i, h) = ^ [Rm^(C, C) + \C\^ - ti{Cf] , (5.5) 
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where the right hand side is computed with respect to the metric 7. Furthermore, 
a somewhat cumbersome computation yields: 

\V^h\l = (drA)^ + 2\drB\^ + \drC\^ (5.6) 

+ ^ [\VA - 2Bp + 2\Aj + VB- + |V,Qfc + 7„-Bfc + 7»fcB,f ] ■ 
Squaring this out, and using also integration by parts and (|5.5p we obtain 



/ (|Vf/i|2-2Rmg(/i,/^))dy, (5.7) 

= / / ((9,A)2 + 2|9,B|2 + |c),C|2 + ^[|VC|2-2Rm^(C,C)+2tr(C)2 
Jo -/CP^ 

+ |VAp + 2|VS|2 + + 14|Bp - 4^tr(C) + (8 - a)Adiv(B) 
+ (8 - /3)(B, div(C)) - a(VA, B) - (3{VB, C)])dVr'^dr, 

where a and /? are parameters that will be chosen later. Now, let us estimate the 
quantities in (15. 7|) in five steps. First, by Kato's and Hardy's inequality we get 



/ / [{drAf + 2\drB\^ + \drC\^]dVr^dr 
Jo Jcp^ 

mA' + l\B? + l\C?]dVr^dr. (5.8) 

Jo JCP^ 

Second, by Theorem 15 . 2 1 applied to C — {J^Y~~^^^ 7 Holder's inequality we 
obtain 

/ / ;^[|VC|2-2Rm^(C,C) + |tr(C)2]dW^dr>0. (5.9) 

JO JCP2 

Third, there is one term that we keep as it stands: 

r I 7^ [ltr(C)2 + |VAp + 2| VBp + 8^^ + i^b\^ _ 4^tr(C)] dVr^dr. 

Jo JCP2 ^ 

(5.10) 

Fourth, using (j5.3p . (j5.4l) . and integration by parts we obtain 

-ij [(8 - a)Adiv{B) + (8 - /3)(B, div(C))] dVr^dr (5.11) 



JCP 



^ / / 72[-f(8-a)A2-|(8-/3)|B|2 + (8-a)^tr(C)]dW^dr. 

JO JCP2 

Fifth and finally, using the Cauchy-Schwarz inequality and Young's inequality we 
get 

/ / ^[-a{WA,B)~P{VB,C)]dVrUr (5.12) 

Jo JCP2 

> / / - \VA\' ~ ^\B\' -2\\7B\' - f\C\^]dVrUr. 

Jo JCP2 

Putting everything together, noting also that the sum of the cross-terms in (|5.10p 
and (|5.1ip can be estimated by Young's inequality, 

(4 - a)AtrC > -£|4 - a\tr{Cf - :^|4 - a\A^, (5.13) 
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C(CP2) 

> 



we obtain the estimate 

{\V^h\l^2Ringih,h))dVg (5.14) 

/ / ^ [{lOa ^ 39 - \A - a\ /e)A^ + {^38 + UI3)\B\^ 
Jo Jcp'^ 

+ (9 - /3V2)|C|2 + (2 - 4e|4 - a\)tr{C f] dVr^dr. 

Choosing a, (3, and e suitably (e.g. a = 21/5, /3 = 4, e = 1 does the job), we 
conclude that 

/ {\VSh\l^2Rmg{h,h))dVg>Q, (5.15) 

JC(CP2) 

for all transverse variations h with compact support, i.e. the Ricci-flat cone over 
is stable. □ 



6. Ricci-flat cones over four-manifolds 

In the last section we have seen that the cone over CP^ is stable. Besides this cone, 
we have the following fundamental examples of Ricci-flat cones over 4-manifolds: 



CiS' X S^), C{CP^<ipCP'^)3<p<s, C(CPiCP2), C(CPi2CP2). 

The cone over S*^ x S*^ is unstable by Theorem 13. II Concerning the next family of 
examples, Tian proved the existence of Kahler-Einstein metrics on CP^jJpCP^, that 
is on the blowup of CP^ at 3 < p < 8 points in general position (50j . The cones over 
them are unstable by Theorem 14.11 Finally, there exists no Kahler-Einstcin metric 



on CP^ttCP^ and CP^jJ2CP^, but an Einstein metric conformal to an extremal 
Kahler metric: 

Theorem 6.1 (Page [39], Chen-LeBrun- Weber [H])- There exists a positive Ein- 
stein metric on CP^UCP^ and CP^tt2CP^. This Einstein metric g is conformal to 
an extremal Kahler metric k with positive scalar curvature Sk, in fact g — s^'^k. 

We will now investigate the stability of the Ricci-flat cone over the Page metric and 
the Chen-LeBrun- Weber metric. As a first step we express our stability integrand 
in terms of the conformally related extremal Kahler-metric, namely we have the 
following lemma: 

Lemma 6.2. For every traceless symmetric 2-tensor h we have the pointwise iden- 
tity 

{-\VSh\l + 2Ring{h,h))dVg= (6.1) 
(-|V/i|2 + 2Rm(/i,/i) -4|/i|2|Vlogs|2 - 2(V|/^|^ V log s) - 12|/i(V log s, Ol^ 
- 4(/i^ logs) - 4(div/i^ Vlogs) -f 8h{dwh,yiogs))s'^dV, 

where the quantities on the right hand side are computed with respect to the extremal 
Kahler-metric k. 
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Proof. Since g — S/^^k, by the usual formulas for the conformal transformation of 
geometric quantities (see e.g. 0] Thm. 1.159]) we obtain 

Rmg{h,h)sf^ (6.2) 
= (Rmfc + (Hessfc log s + V log s V log s - i|Vlogs|fe/c)) {h,h) 
= Rm{h,h) - 2(/i^ V^logs) - 2(/i2,V logs® V logs) + |/i|2|Vlogs|^ 

where the last line is computed with respect to the metric k. Furthermore 

\^'h\lsf^ = \S7^h\l (6.3) 
= |Vi/ijfc + 2hjkVi logs + hikVj logs 

+ hijVklogs - hpkhjVp logs - hpjkikVp logsp 
= \\/h\^ +6\h\^\V\ogs\^ + 8\h{Vlogs,-)\^ +4V,hjkhjkV,\ogs 

+ 'iVihjkhikVj logs - iVjhjkhpkVp logs, 

and the claim follows. □ 



Let S = Cp2j:jcp2 respectively CP'^i2CP'^, and write h = s-'^h. From now on, we 
assume in addition divg(/i) = 0, that is div(s^2/i) = with respect to the metric 
k. Using this, the lemma, and integration by parts we obtain 

j^{-\V<^h\l + 2Ru,,{h,h))dVg (6.4) 
= j (^-|V/ip + 2Rm(;i,/i) + 2|;i|2Alogs + 12|/i(Vlogs,-)P^s2rfy 

= j (^-|V/i|2 + 2Rm(/i,/i) +4|/i|2Alogs + 8|/i|2|Vlogsp + l2\h{y\ogs,-)\^^s^dV. 

where again the right hand side is computed with respect to the metric k. Since 
/i(^'^)(S]) > 1, we can find a traceless test variation h that comes from a harmonic 
(1, l)-form on the Kahler manifold (S, k). Then the Bochner formula gives 

= A/i + 2Rm(ft., •) " Rc./i - ft-.Rc. (6.5) 
Furthermore, the conformal transformation law for the Ricci-tensor yields 

Rc = (3s"2 + 2| V log sp - Alog s) fc - 2 (V^ log s + V log s (g) V log s) . (6.6) 
Finally, a pointwise computation gives the following formulas: 

4|/i(Vlogs,-)P = |/»nVlogs|2, (6.7) 

4div(/i2) v|/i|2. (6.8) 

Putting everything together we obtain the following theorem (see also [25] for an 
alternative proof): 

Theorem 6.3. If h is a test-variation as above, then: 

[ {-\V^h\l + 2Rmgih, h))dVg^ [ {6-Aks')\h\ldVg. (6.9) 
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Proof. Putting together the above facts we compute 

J^{~\V3h\l + 2Rmg{h,h))dVg (6.10) 

= J (^{h,Ah) + 2RmCh,h) + \h\^Alogs-7\h\^\Vlogs\^^s^dV 

= J (^6s-^\h\^ -2\h\^Alogs-4\h\^\Vlogs\^^s'^dV, 

and the claim follows. □ 

To finish the proof of Theorem 1 1.6 1 and Conjecture 1 1.71 it would be sufficient to prove 
the pointwise inequality As^ < 6 for the extremal Kahler metrics conformal to the 
Page-metric respectively to the Chen-LeBrun- Weber metric (normalized such that 
the Einstein constant equals 3). To finish the proof of Theorem [L4] and Conjecture 
11.51 an estimate As^ < 15/4 would be sufhcient, as shown by the following lemma. 



Lemma 6.4. Let C(S,7) be a Ricci-flat cone over a four manifold and assume 
there exists a transverse-traceless symmetric 2-tensor honY, with 

[ {-\Vh\^ + 2Rm{h,h)-l\h\^)dV >0. (6.11) 

Then the Ricci-flat cone C(I],7) is unstable. 
Proof. Consider the variation 

H = f{r)r^h. (6.12) 
This variation is TT, and wc compute 

\VH\' = [f' + 2{^)\h\' + {^\\/h\' (6.13) 

2Rm(iJ, H) = 2^ (Rm^(/i, h) + . (6.14) 

By compactness the assumption of the lemma is also satisfied for some A strictly 
greater than | . Thus 

/ (|Vi/ p - 2Rm(i/, H)) dV < f \h\^dV^ f (f^ - A^) r''-^dr. (6.15) 

JC(S) JY. Jo ^ ' 

Since the Hardy-constant is Cu ~ | for n = 5, we can choose / such that this 
expression becomes negative. □ 

7. Estimates for extremal Kahler metrics 

The purpose of this section is to estimate As^ for the extremal metric corresponding 
to the Page metric respectively to the Chen-LeBrun- Weber metric. Some of these 
estimates also appeared in [5S]. We wiU prove: 



Theorem 7.1. Let k be the extremal Kahler metric on CP'^jJCP^, such that s~^k 
is the Page metric with Einstein- constant equal to 3. Then we have the pointwise 
estimate 

As^ < 15/4. (7.1) 
Furthermore, we will give strong numerical evidence for: 
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Conjecture 7.2. Let k be the extremal Kdhler metric on CP^pCP^, such that 
s^'^k is the Chen- LeBrun- Weber metric with Einstein- constant equal to 3. Then 
we have the pointwise estimate 

As^ < 15/4. (7.2) 

Note that, using the results from the previous sections, Theorem 17.11 finishes the 
proofs of Theorem II .41 and Theorem II. 6[ and the statement of Conjecture 17.21 im- 
phes the statements of Conjecture 11.51 and Conjecture 11.71 

To prove Theorem 1 7 . 1 1 and to give evidence for Conj ecture 17.21 we wiU employ the 
fact that the extremal metrics on both CP^ttCP-^ and CP^pCP^ are toric-Kahler 
metrics. The theory of toric-Kahler metrics is well developed and documented 
The main aspect we will use is that a toric-Kaher manifold S^™ (in our case m — 2) 
admits a dense open set E° on which the action of the torus is free. Furthermore 
one may pick a special coordinate system called symplectic coordinates such that 

E° = P° X 

where P° is the interior of a convex polytope P C M™ known as the moment 
polytope. In these coordinates the metric is encoded by a convex function u : P° — > 
M (known as the symplectic potential) in the following way: 

Here the a;* are coordinates on the polytope P, 9^ are coordinates on the torus, Uij 
is the Euclidean Hessian of u and w*^ is the matrix inverse of . 

In general, an r-sided polytope (our polytope P is in fact a Delzant polytope [15]), 
can be described by r inequalities li{x) > where the li{x) are affine functions of 
X. As the scalar curvature is invariant under the torus action it is a function of 
X only. The equations for an extremal metric in these coordinates can be shown 
to be equivalent to requiring that the scalar curvature is an affine function of the 
polytope coordinates, i.e. 

m 

s{xi, Xm) = ^ aiXi + b. 

i=l 

The constants and h can all be worked out a priori from the elementary geometry 
of the polytope. In order to describe how, for each Zj we define a one-form dcTj by 
requiring, 

dli A dui — ±dx, 

where the U are the functions from above and dx denotes the Euclidean volume 
form. The one- form dai then defines a measure on the edge defined by the h. 
We denote the measure obtained on the whole boundary dP in this way by da. 
Donaldson proves the following integration by parts formula: 

Lemma 7.3 (Donaldson (17j). Let (M,k) be a toric-Kahler manifold with polytope 
P . symplectic potential u and let Sk be the scalar curvature of k. Then for all 

feC°°iP) 

/ u"-^ fijdx = / fda- - / Skfdx, (7.3) 
Jp JdP Jp 

where da is the measure defined above. 
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Clearly the left-hand-side of (j7.3|) vanishes for all affine functions /. Hence if 
Sfe — aixi + ...arnXm + b then by successively taking f — xi to f — Xm and / = 1 
we obtain m + 1 linear constraints for the m -\- \ unknowns and we can find the ai 
and b explicitly. A good reference for this is the survey by Donaldson [T8] . 

Another point to note is that we do not really need to compute two derivatives 
of the scalar curvature, li g = s~'^k has constant scalar curvature k, then the 
conformal transformation law for the scalar curvature in dimension four, gives the 
equation 

s^-f 6sAs-12|Vsp = K. (7.4) 
Now as As^ = 2s As -I- 2|Vs|^ we have 

As2 = |+6|Vsp-^. (7.5) 

Finally, a word about scaling. The extremal Kahler metrics below will show up with 
some specific normalization. Let K := sup As^ in this normalization. A rescaling 
of the Kahler metric k c^k gives a rescaling s c^'^s of the scalar curvature 
and hence a rescaling g c^g of the Einstein metric. Now 

Rcic^g) = Rc{g) = f g = -^c^g, 

so we rescale the Kahler metric by where c = {j^Y^^ to ensure that the Einstein 
constant is 3. Since As^ — c~^As^, for this correctly normalized metric we have 

supAs^^i^X, (7.6) 
i.e. what we want to show is the inequality < 

7.1. The Page Metric. The moment polytope of the manifold CP^jjCP is a 
trapezium T. We shall parameterise it as the set of points x — {xi,X2) € 
satisfying the inequalities li{x) > where: 

li{x) = xi, hix) = X2, hix) ~ 1 ~ xi — X2 and ^4(2;) = Xi + X2 — a. 

Here a is a parameter that effectively determines the Kahler class by varying the 
volume of the exceptional divisor. Abreu [Ij following Calabi j6j gave an explicit 
description of the symplectic potential u of the extremal metric k. It has the form: 



l{xi,X2) = ^li{x)log{li{x)) + f{xi + X2) 



where li are the lines defining the trapezium and the function / satisfies 

r"(^, 2a{l-a) 1 

^ ^ ' 2at^ + {l + 2a- a^)t + 2a^ t' 

The scalar curvature is then an affine function of Xi +X2 and is given by s{xi^ X2) 
Ci{xi + X2) + C2 where 

24a , 6(1 - 3a2) 

ci = -; and C2 — 



{I - a){\ ^ Aa + a?) (1 - a)(l + 4a + a^) ' 

A computation aided by Mathematica (we emphasize that this and all the following 
computations involve just polynomials and in principle could be carried out to 
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arbitrary precision without computer aid) shows that the scalar curvature k of the 
Page metric g — s^'^k, that is k = s"^ + 6sAs — 12|Vsp, equals 

864a^(l - 6ti^ - 16a^ + 9a*) + 216(3a^ - 24a^ + SSa* + 32a^ - ISa^ - 8a - l)(a:i + X2) 
(a - 1)3(1 + 4a + a2)3(a;i + xa) 

Hence the extremal metric occurs in the class where < a < 1 and 

1 - 6a^ - 16a^ + 9a'' = 0. 

This value is a « 0.31408. Plugging this into 17. 71 vields the scalar curvature of the 
Page metric k « 182.219. 

As an aside, LeBrun calculates that the critical Kahler class is the one for which 
the area of a projective line is 3.1839 times the area of the exceptional divisor. In 
our toric description the area of a projective line has been scaled to be 1 and the 
area of the exceptional divisor is a, hence a « (3.1839)-^ w 0.31408. Another neat 
verification one can do is to compute the volume of the Page metric using the toric 
description. This is given by 

(4:77 f J J (ci(a;i+.T2) + C2)"''da;ida;2 « 0.072699. 

The factor (47r)^ appears above as the factors have volume Att in this description. 
In Page's original paper he gives the volume V of the metric as ^ = 150.862A^^ 
where A is the Einstein constant. Hence in our case A « 45.554 and so k « 182.219. 

Getting back to the original problem, a calculation (aided by Mathematica) shows 
that 

A,. = f + e|V.p4.g+ to,.. ,7.8) 

with t — xi + X2 and the coefficients ai given by: 
ao = 6912a^ 

ai = 72 - 648a^ + 3456a^ + 1944a'' - 10368a'^ - 1944a^ 
as = 864a - 3456a2 - 15552a^ + 10368a'' + 11232a^ 
aa = 6912a^ - 20736a^ 
a4 = 11520a^ 

Denote by K the supremum of As over T. It can be checked that < ^. In 
fact, a calculation (aided by Mathematica) shows that —K < 2.65. This proves 
Theorem 17.11 

7.2. The Chen-LeBrun- Weber metric. The moment polytope for S ~ CP^pCP' 
is a pentagon P with vertices at (0, 0), (a, 0), (a, 1), (1, a) and (0,a). If we view 
CP^pCP^ as (CPi X CPi)ttCP^, then a effectively determines the volume of the 
exceptional divisor. Chen, LeBrun and Weber calculate that their extremal metric 
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k occurs for a w 1.958 [12]. In order to calculate the scalar curvature using Lemma 
17.31 we compute the integrals 

A = / x\dx^ I xldx ^ ^{a^ + ^a^ -I), 
Jp Jp 12 

B = I xiX2dx = ^{a^ + 4a^ + 6a^ - 4a - 1), 
J p 24 

C — xidx — / X2dx — -(a'^ + 3a^ — 1), 
Jp Jp 6 

D= I dx = ]-{a^ + 2a - 1), 
J p 2 

and 

Eq ^ da = 1 + 3a, Ei = xida — / X2da = a^ + a. 
Jap JdP JdP 

Hence, if Sk — aiXi + a2X2 + b then we can find a^ and 6 by solving 




Solving this system the value of a = 1.958 yields the scalar curvature 

Sfc(xi,X2) = -0.423(0:1 + 0:2) + 2.790. (7.9) 

Let g = s^'^k be the Chen-LcBrun- Weber metric. We will now determine the 
normalization. Since Rc((7) = Ag, the Gauss-Bonnet formula gives 

The integral /j^jM^gpc?!^ is conformally invariant, and thus can be computed with 
respect to the Kahler metric k. The Hirzebruch signature formula reads 



'^(s)-Y^ Jj\w+\'-\w.\')dv, 



and it is a standard fact for Kahler surfaces that |W+p = s^/24. Putting things 
together we obtain 

/ \W\'^dV = 2 I \W+\^ dV a[Y?j ^ ^ [ s^dV ~ l2TT^a{i:), 
Js Jt, 12 Js 

and conclude that 

2 96Tr^x{^) + 1447r2cr(E) - s^dV 
^ ^ 8Volg(E) ■ 

As Vol(,(S) = IGtt^ Jp s{xy^dx we can calculate A « 1.886, k « 7.54. 

Our task is now to estimate K :— supAs^. To do this, we will use Donaldson's 
method of numerically approximating extremal metrics by 'balanced' metrics [19) . 
implemented by Donaldson and Bunch in [5]. Donaldson's algorithm only works 
for rational Kahler classes (and is computationally unfeasible for rational numbers 
with large denominators). It is a wonderful serendipity that the value o ~ 1.958 
is actually very close to being integral and determining an integral Kahler class 
(unlike for the Page metric). The Kahler class corresponding to a = 2 is in fact the 
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anticanonical class ci(I]). Using this approximation, Donaldson's algorithm gives 
the estimate K < 1.3630 and thus < 2.17. This gives strong evidence for 

Conjecture 17.21 

8. Ilmanen's conjecture 

Let us first explain the relevant background about Perelman's energy functional, 
and our new variant for the noncompact case: As Ilmanen pointed out, the func- 
tional 



A(.g)= inf {A\Vw\-' + Rw^)dV (8.1) 

'W:f — 1 J 

does not detect counterexamples to the positive mass theorem for ALE-spaces, 
i.e. asymptotically locally euclidean metrics with nonnegative scalar curvature and 
negative mass. Here, the mass of an ALE-space of order t > (n — 2)/2 is defined as 



m(5)=lim/ {djg^j ~d^gjj)dA\ (8.2) 



Minimizing sequences Wi for A escape to infinity, giving X{g) — 0. The solution is 
to consider instead a noncompact variant of Perelman's energy functional that the 
second author introduced in [33]. For ALE-spaces, Ricci-flat cones or manifolds 
asymptotic to Ricci-flat cones it takes the form 

Kc{g)= mf I {4\\/w\^ + Rw^)dV, (8.3) 

where the infimum is now taken over all smooth functions w approaching 1 at infin- 
ity in the sense that w — 1 = 0{r~'^) (here, the O- notation includes the condition 
that the derivatives decay appropriately), where r > (n — 2)/2. In particular, Anc(5) 
is strictly positive if the scalar curvature is nonnegative and positive at some point. 

We can now formulate precisely and prove the first part of Ilmanen's conjecture: 

Theorem 8.1. Let [n > 3) be a complete manifold with one end, and assume 
the end is dijfeomorphic to S"'^^/T x K. Then the following are equivalent: 

(1) (lambda not a local maximum) There exists a metric g on M that agrees 
with the flat conical metric outside a compact set such that Xnc{g) > 0. 

(2) (failure of positive mass) There exists an asymptotically locally euclidean 
metric g on M such that Rg > and m{g) < 0. 

Proof. (1) => (2): Let g be a metric on M hat agrees with the flat conical metric 
outside a compact set such that Anc(5) > 0. Note that 

J^iJ (l^l^^l' +^^') ^ ^-(ff) > 0. (8.4) 

For each metric g we have an elliptic index-zero operator 

- i^A, + Rg : C'^-^M) ^ C%{M), (8.5) 

between Holder-spaces with weight T = n — 2 — e, e>0 small. By perturbing 
the metric a bit we can assume that this operator is invertible. Choosing the 



^The C-I-+ files are available on http://www.buckingham.ac.uk/dircctory/dr-stuart-hall/ 
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perturbation small enough we can also assume that (|8.4p still holds. Writing w = 
1 + u we can now solve the equation 

(^-^^^Ag + Rg^w^O, w^latoo. (8.6) 

The conformally related metric g := w'^^^^'^g has vanishing scalar curvature and is 
asymptotically locally euclidean of order r. Moreover, by a computation as in |29) , 
the mass drops down under the conformal rescaling, in fact 

m{g) = m{g) - j [^\Vw\^ + Rw^) dV. (8.7) 

Using m{g) — and the inequality (|8.4p this implies m{g) < 0. 

(2) (1): Let g be an asymptotically locally euclidean metric on M such that 
Rg > and m{g) < 0. By an ALE-version of Lohkamp's method [371 Prop. 6.1], 
we can find a metric g that agrees with the flat conical metric outside a compact 
set, such that Rg >0 and Rg > somewhere. In particular, Anc(5) > 0. □ 

To discuss the second part of Ilmanen's conjecture, let {C,gc) be a Ricci-flat cone 
(of dimension at least 3) over a closed manifold. In particular, this is a static (non- 
smooth) solution of the Ricci flow. We say that an instantaneously smooth Ricci 
flow is coming out of the cone, if there exists a smooth Ricci flow {M, g{t))t(r^o,T) 
such that the following conditions are satisfied: 

• {M,g{t)) is complete with bounded curvature for each t e (0,r). 

• {M,g{t)) converges to {C,gc) for t ^> in the Gromov-Hausdorff sense 
everywhere and in the Cheeger-Gromov away from the tip. 

• There is no negative L^-curvature concentration in the tip, in the sense 
that liminft^o Anc(ff(0) — 0- 

Having the static solution and another solution coming out of the cone in particular 
gives nonuniqueness of the Ricci flow with conical initial data. With the above 
definition we have; 

Theorem 8.2. // there is an instantaneously smooth Ricci flow coming out of 
{C,gc) then there exists a complete smooth manifold {M,g) that exponentially ap- 
proaches {C,gc) at infinity such that Xncig) > 0. However, there exist unstable 
Ricci-flat cones with no instantaneously smooth Ricci flow coming out of them. 

Proof. Let (M, g{t))tfz(^o,T) be the Ricci flow coming out of the cone. Using Perel- 
man's pseudolocality theorem we get a rough decay estimate, and using maximum 
principle estimates the decay rate can be improved. This is explained in detail in 
|46| . and the conclusion is that g(t) approaches gc exponentially at infinity. Using 
this decay estimate, by a similar computation as in [3D], we obtain the monotonicity 
formula, 

^A„c(5(t)) = 2 f |Rc + V^fl^e'UV > 0, (8.8) 
dt Jm 

where w = 1"^ is the minimizer in the definition of Anc- By the definition from 
above and the monotonicity of Anc we obtain Anc(5(i)) > for t > and (M,g{t)) 
has the desired properties. 

For the final part, let C — C(E) be an unstable Ricci-flat cone over closed 4- 
manifold E that does not bound a smooth 5-manifold. From Section ^ we know 
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that there are many such examples. Since S does not bound a smooth 5-manifold, 
one cannot even find topologically a manifold M smoothing out the cone. Thus 
there is no smooth Ricci flow coming out of the cone. □ 

In full generality, it is an interesting open problem if there exist singular Ricci flows 
coming out of unstable Ricci-flat cones. To answer it, one has to come up with a 
good notion of singular Ricci flow solutions flrst. 
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